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1 Introduction
Ma,ny models $\mathrm{h}\mathrm{a}$,ve been proposed to describe the diffusion process. One
for the linea,$\mathrm{r}$ Newtonian diffusion process is the well-known $\mathrm{h}\mathrm{e}\mathrm{a},\mathrm{t}$ equation
; $(\mathrm{I}- 1\mathrm{D}\prec)ut=u_{?jx}$ . A typica,1 exalrlple for the nonlinear diffusion process for
the Newtonian filtra,tion $\mathrm{p}_{\Gamma \mathrm{o}\mathrm{b}\mathrm{l}\mathrm{e}\mathrm{l}}\mathrm{n}$ is known as the porous $111\mathrm{e}\mathrm{d}\mathrm{i}_{\mathrm{U}}111$ equa,tion
; $(\mathrm{P}\mathrm{E})u_{t}=(u^{\ell}u_{x})_{?j}$ . Here we note $\mathrm{t}\mathrm{h}\mathrm{a},\mathrm{t}(\mathrm{P}\mathrm{E})$ is equiva,lent to (HE) as
$\ell=0$ . Concerning the non-Newtonian polytropic filtra,tion problelll, the
following doubly nonlinea,$\mathrm{r}\mathrm{e}\mathrm{q}\mathrm{u}\mathrm{a},\mathrm{t}\mathrm{i}_{0}\mathrm{n}$ is proposed. ; (see [?, Ka,$\mathrm{l}\mathrm{a}\mathrm{s}\mathrm{h}\mathrm{n}\mathrm{i}\mathrm{k}\mathrm{o}\mathrm{V}]$ ) $(\mathrm{D}\mathrm{E})$
$v_{t},=(u^{\ell}|u.|j|^{p-2}u_{\theta}.,)?j\cdot\ln$ this note, we consider $\mathrm{t}1_{1}\mathrm{e}$ following nlore genera,lized
equa,tiol] which covers all these exalllples.
(E) $\{$
$\frac{\mathrm{c}9u}{\partial t}-(\varphi(u, u_{?^{\backslash }},)ux).\cdot lj=0$ , $(_{\backslash }\chi, f_{\text{ }})\in \mathbb{R}\cross[0, T]$ ,
$u(x, 0)=u\mathrm{o}(X)$ , $x\in 1\mathrm{R}$ .
These equations have been studied by so $11\mathrm{l}\mathrm{a},\mathrm{n}\mathrm{y}$ people and lnany inter-
esting results are obta,ined so $\mathrm{f}\mathrm{a}\downarrow \mathrm{r}.$ Alllong them, concerning $\mathrm{t}\mathrm{l}$)$\mathrm{e}$ regularity
of solutions for nonlinea,$\mathrm{r}$ problellls, the H\"older continuity of $u$ has been well
known. However, a,s for the $\mathrm{e}\mathrm{s}\mathrm{t}\mathrm{i}_{111}\mathrm{a},\mathrm{t}\mathrm{e}$ for the derivative of $u$ itself, little is
$1<\mathrm{n}\mathrm{o}\mathrm{W}\mathrm{n}$ . $\ln$ our recent works [13], [14], [15] and [16], we constructed a tinle
loca,l solution which is slnooth with respect to tillle and space variables. Our
$\mathrm{a}_{i}\mathrm{i}\mathrm{l}\mathrm{l}1$ here is to investigate the structure condition on $\varphi(u, u_{x})$ which assures
the existence of $\mathrm{t}\mathrm{i}_{1\iota 1}\mathrm{e}$ loca,l slllooth solutions of (E). Our lnain result is given
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in the next section, a,nd the sketch of its proof is given in \S 3. This work is a,
$\mathrm{c}\langle)1\mathrm{l}\mathrm{a})\mathrm{b}\mathrm{o}\mathrm{r}\mathrm{a},\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{n}$ with Prof. M. $\hat{\mathrm{O}}$ ta,ni (Waseda Univ.).
2 $\mathrm{M}\mathrm{a}\mathrm{i}\mathrm{n}\sim$ Result
Throughout of this note, we \‘alwa,ys assulne the following conditions.
(A.1) $\varphi(uz):\in C^{\infty}(\mathbb{R}\cross \mathbb{R}),$ $\varphi(u, z),$ $\varphi_{z}(u, z)Z\geq 0,$ $\forall(u, z)\in 1\mathrm{R}\cross \mathbb{R}$ ,
and $\varphi(0,0)=0$ .
(A.2) There exist functions $g_{1}(u, z),$ $g2(u, \mathcal{Z})\in L_{1\mathrm{o}\mathrm{C}}^{\mathrm{K}\backslash }(\mathbb{R}\cross 1\mathrm{R})$ such that
$| \frac{(\varphi_{z}(u,Z))^{2}}{\varphi(u,z)}|\leq g_{1}(u, z))|\frac{(\varphi_{zz}(v\prime’ Z)_{\mathcal{Z}})^{2}}{\varphi_{z}(u,z)z}|\leq g_{2}(u, z)$ .
(A.3) $u_{0}(x) \in\bigcap_{7\}?=0}^{\infty}If’|\tau(\mathbb{R})$
Then $11\mathrm{l}\mathrm{a},\mathrm{i}\mathrm{n}$ result is stated as follows.
Theorenl (Local existence for $(\mathrm{E})$ ) Assume (A.1) and (A.3), $th,etl$ there
e.xists a number $T_{2}\in$ $(0, T]$ depending only on $|u_{0}|_{L^{\infty}}$ ) $|u_{0x}|_{L^{\infty}}\rangle$ $|D_{x}^{2}u_{0}|_{L}\infty$
and $|D_{?j}^{3}u_{0}|_{L}\infty$ such that (E) has a $sol,utio\uparrow\iota u$ belongi $r\iota,g$ to $C^{\infty}([0, \tau_{2}]\cross \mathbb{R})$ .
$\mathrm{F}\mathrm{u}\mathrm{r}\mathrm{t}\mathrm{h}\mathrm{e}\mathrm{r}\mathrm{l}\mathrm{l}\mathrm{l}(\mathrm{l}\mathrm{e}$ if (A.2) is sa,tisfied, then there exists a, nulllber $T_{1}\in(0, T]$ de-
pending only on $|u_{01_{L}\infty},$ $|u_{0x}|_{L^{\infty}}$ a,nd $|D_{x}^{2}.,u0|_{L^{\infty}}$ such that (E) $\mathrm{h}\mathrm{a},\mathrm{s}$ a, solution
$u$ belonging to $C^{\infty}([0, \tau_{1}]\cross \mathbb{R})$ .
Renlark Note $\mathrm{t}\mathrm{h}\mathrm{a},\mathrm{t}$ (A.2) is not so restrictive because of the existence of
$\mathrm{t}\mathrm{l}\mathrm{l}\mathrm{e}$ squa,re power $\mathrm{r}\mathrm{a}$,ised to the $\mathrm{n}\mathrm{u}1\iota 1\mathrm{e}\mathrm{r}\mathrm{a},\mathrm{t}_{0}1\backslash \mathrm{s}$ in (A.2). In $\mathrm{f}\mathrm{a}_{}\mathrm{c}\mathrm{t}\mathrm{t}1_{1}\mathrm{e}\Gamma \mathrm{e}$ are lna,ny
functions $\mathrm{s}\mathrm{a}\mathrm{t}\mathrm{i}\mathrm{S}\mathrm{f}\mathrm{y}\mathrm{i}\mathrm{n}\mathrm{g}$ (A.1) and (A.2) such a,s $\varphi(u, z)=u^{2\ell}‘ z^{2}p$ with $\ell,$ $p\in \mathbb{N}$ .
3 Proof of main theorem
We here give the sketch of a, proof of our lllain theorelll. We first prepa,re $\mathrm{t}1_{1}\mathrm{e}$
following $\mathrm{a},\mathrm{p}\mathrm{p}\mathrm{r}\mathrm{o}\mathrm{X}\mathrm{i}\mathrm{l}\mathrm{l}\mathrm{l}\mathrm{a},\mathrm{t}\mathrm{e}$ equations for (E):
$(\mathrm{E})^{\epsilon}\{$
$\frac{\partial u^{\epsilon}}{\mathrm{c}9t}-\epsilon u_{x^{\backslash }x}^{\epsilon}-((\varphi(u^{\epsilon\epsilon}, ux)u_{x}^{\mathcal{E})_{x}}=0,$ $(x, t)\in\Omega\cross[0, T]$ ,




$\frac{\mathrm{t}9u^{e}}{\partial_{-}t}-\epsilon u_{:\iota}^{\epsilon},.-\tau((\varphi(u^{\epsilon}, u)?j\epsilon u)\epsilon,=0xx’$ $(x, t)\in\Omega \mathrm{x}[0, T]$ ,
$u^{\epsilon}(x, 0)=u\mathrm{o}(X)$ , $x\in\Omega$ ,
(1)
where $\epsilon$ is $\mathrm{a}_{1^{\mathrm{J}}}(\mathrm{s}\mathrm{i}\mathrm{t}\mathrm{i}\mathrm{v}\mathrm{e}$ arlleter. In order to see that $(\mathrm{E})^{\epsilon}$ have $C^{\infty}$ -solutions,
we $1\mathrm{u}_{\mathfrak{c}1_{}\mathrm{V}}^{C}\mathrm{e}$ only t\={o} show the following proposition.
Proposition 3.1 For $a\uparrow|,y\tau>0,$ $n\in \mathbb{N}$ and $\epsilon\in(0,1],$ $(\mathrm{E})^{\epsilon}$ has a unique
$sol,\iota llio\uparrow?,$ $u^{\mathcal{E}}b\epsilon’ l_{t}o\uparrow l,gi\gamma l\mathit{9}$ to $If^{k}(0, T;H^{2(n-k}+1)(\mathbb{R}))$ for all $k=0,1,$ $\ldots$ , $n$ .
$\mathrm{T}(\rangle \mathrm{I}^{\mathrm{J}\mathrm{r}\langle)\mathrm{v}}\mathrm{e}\mathrm{P}\mathrm{r}\mathrm{c})1^{\mathrm{J}}\mathrm{t})\mathrm{S}\mathrm{i}\mathrm{t}\mathrm{i}_{0}\mathrm{n}3.1$ , we reduce $(\mathrm{E})^{\epsilon}$ to the following $\mathrm{e}\mathrm{v}o$ lution equa,-
tions ill $H_{k}=If2k(\mathbb{R})$ :
$(\mathrm{E})^{\epsilon}\{$
$u_{\epsilon t}+\epsilon Au_{\epsilon}+\varphi(u_{\epsilon}, u_{\epsilon x})Au+\varphi_{z}(uu?j)\epsilon’\epsilon u\epsilon xAu\epsilon$
$=\varphi_{u}(u_{\epsilon \mathcal{E}x}, u)(u_{\epsilon?i})^{2}$ ,
$u_{\epsilon}(0)=u_{0}$ .
$t\in[0, T]$ ,
$\mathrm{H}\mathrm{e}\mathrm{l}\cdot \mathrm{e}$ $A$ is a,n opera,tor in $H_{k}$. defined by $A=- \frac{d^{2}}{d_{\backslash }x^{2}}$ and $D(A)=H^{2k+2}(]\mathrm{R})$ , a,nd
the inner product of $H_{k}$ is given by $(u, v)_{H_{\mathrm{A}}}$. $=(u, v)L^{2}(\mathrm{H})+(A^{k}u, A^{k}v)_{L()}2\mathrm{R}$ .
111 what follows we a.lwa,ys assulIle $u_{0}\in D(A^{1/2})=H^{2k+1}(]\mathrm{R})$ a,nd for the
sa,ke of silllplicity we denote $u_{\epsilon}$ by $u$ . In solving $(\mathrm{E})^{\epsilon}$ , we rega,rd the terllls
$\varphi(\mathrm{c}/,, u.,,)A\mathrm{t}/\text{ }’\varphi_{z}(\cdot \mathrm{t},, u,,)\backslash j.uu_{\eta}.A\mathrm{a}\mathrm{n}\mathrm{d}\varphi u(u, ur,)\backslash ’(u_{\epsilon?\text{ }},)2\mathrm{a}\mathrm{s}$perturbations for $\epsilon Au$ . We
first solve the following equa,tion with the perturbation $\varphi(u, u)xAu$ .
$(\mathrm{E})_{0}^{\epsilon}\{$
$u_{t}+\epsilon Av_{\text{ }}+\varphi(u, u_{x})Au=.\mathrm{r},$ $f_{\text{ }}\in[0, T]$ ,
$u(0)=1\mathit{1}_{0},$ ,
where.$f$
. is $\mathrm{a}$ , given function in $L^{2}’(0, T;If_{k})$ .
$\mathrm{T}1\mathrm{T}\mathrm{e}\mathrm{d}\mathrm{i}\mathrm{f}\mathrm{f}_{\grave{1}}\mathrm{C}\mathrm{l}\mathrm{l}\mathrm{l}\mathrm{t}\mathrm{y}$ in solving this equation lies in the $\mathrm{f}\mathrm{a}$,ct that $\varphi(u, u.,j)Au$ is not
$C\mathrm{t}’,$
$\mathrm{s}111’\zeta 1,11_{1})\mathrm{e}\mathrm{r}\mathrm{t}\mathrm{u}1^{\backslash }\mathrm{b}\mathrm{a},\mathrm{t}\mathrm{i}_{0}\mathrm{n}$ nor lnt)nrtone perturba,tion for $\epsilon Au$ . However, roughly
$\mathrm{s}\mathrm{l})\mathrm{e}\mathrm{a}\mathrm{k}\mathrm{i}\mathrm{n}\mathrm{g},$ $\varphi(u, u_{\tau_{\text{ }}\backslash },)Au$ ca,n be $\mathrm{d}\mathrm{e}\mathrm{c}()1111^{)\mathrm{O}\mathrm{S}}\mathrm{e}\mathrm{d}$ into the lllonotone perturbati$()11$
pa,rt a,nd tlle $\mathrm{S}111\mathrm{a},11$ perturba,tion part. In fa,ct, we get
$(\varphi(u, \uparrow\iota_{\eta\backslash \text{ }},)Au, A_{U}^{l},)_{H}k$
$=$ $(\varphi(u, u_{?j})Au,$ $Au)_{L^{2}(\mathrm{H})}+(Ak(\varphi(u, u_{?}j)Av,),$ $A^{k+1}u)_{L^{2}(\mathrm{H}})$
$=$ $. \int_{\mathrm{R}}\varphi(u, u_{x})(A\prime U,)^{2}d_{\text{ }}x+.\int_{\mathrm{H}}\varphi(vl’ u_{x})(A^{k}+1u)^{2}dx+R_{k}$
$\geq$ $l2_{k}.$ ,
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$R_{k}=. \sum_{\uparrow=1}^{2k}2k\mathrm{C}.|.[_{\mathrm{R}}D_{!}\uparrow.(\varphi(u, v_{x}\text{ }))\cdot D_{1\backslash }^{2kj},-.$Au $\cdot A^{k}+1du\text{ }x$ , $D_{x}= \frac{\partial}{\partial\prime x}$
Sillce the lllost singular $1$) $\mathrm{a},\mathrm{r}\mathrm{t}$ of the integrand of $R_{k}$ is $D_{x}(\varphi(v,, \mu,?j))\cdot D^{2}.,k-1$Au
$\mathrm{L}$
$A^{k+1}v,$ $R_{k}$ can $|$) $\mathrm{e}$ ha,ndled as a, sllla41 perturba,tion for $\epsilon||A^{k+1}u||_{L}^{2}2$ .
To solve $(\mathrm{E})_{0}^{\epsilon}$ , we introduce a,nother a,uxilia,ry equa,tion:
$\lambda(\mathrm{E})_{0}^{\epsilon}\{$
$v_{t},+\epsilon Au+\lambda\varphi(u, u_{x})Au=h+.f\cdot$ , $t_{\text{ }}\in[0, T],$ $\lambda\in[0,1]$ ,
$u(0)=u_{0}$ .
lf $/\backslash (\mathrm{E})_{0}\epsilon$ hais $\mathrm{a}$ unique solution $v_{\text{ }^{}h}$ , we define the operator $\lambda \mathcal{F}_{\eta_{0}}$ by the following
$\mathrm{c}\mathrm{o}1^{\cdot}\Gamma \mathrm{e}\mathrm{S}1^{\mathrm{J}}\mathrm{o}\mathrm{n}\mathrm{d}\mathrm{e}\mathrm{n}\mathrm{c}\mathrm{e}$ :
$\lambda \mathcal{F}_{7’ 0}$ : $h\mapsto v_{\text{ }^{}/\iota}-\rangle$ $-\uparrow \mathfrak{j}0\varphi(u^{\prime_{1}}, u_{\eta\backslash i}’\iota)Av_{\text{ }^{}\prime}l$ , $\eta_{0}\in 1\mathrm{R}$ .
By $11\mathrm{l}\mathrm{a},\mathrm{k}\mathrm{i}\mathrm{l}$ use of the $1^{\mathrm{J}1\circ}1$) $\mathrm{e}1^{\cdot}\mathrm{t}\mathrm{y}$ of $\varphi(u, u_{\tau\backslash })iv_{\text{ }}A$ observed $\mathrm{a},\mathrm{b}\mathrm{c}$) $\mathrm{v}e$ , we can show
$\mathrm{t}\mathrm{l}\mathrm{l}\mathrm{e}\mathrm{f}\mathrm{o}\mathrm{l}\mathrm{l}\mathrm{o}\mathrm{w}\mathrm{i}_{1}$ lelllllla,.
Lelllnla 3.2 $\tau\prime_{l,e}\Gamma e$ exist a ( $su.fJ_{lci?}^{\mathrm{B}}el,tl_{J}$? small) $pos\dot{\uparrow,}tive$ number $\eta_{0}$ and a $I$) $os-$
$it\uparrow ve\uparrow l,u\uparrow??,bc\uparrow’ Ri,\uparrow ldepet\iota del\iota,t_{\mathit{0}}.f\lambda$ snch that $\lambda \mathcal{F}_{7’ 0}beco\uparrow?\uparrow,e\mathit{8}$ a contraction $\uparrow 7|,ap-$
$I^{Ji\uparrow\prime}g.frot\gamma|,$ $Ic^{\tau}Ri.\uparrow 1,t_{\mathit{0}}$ its $\mathrm{c},’ lf_{f}wh,‘\supset,reK_{B}^{\tau}=\{v\in L^{2}(0, T;Hk.);||v||L^{2}(0,T;H_{k})\leq R\}$ .
It is clear $\mathrm{t}\mathrm{h}\mathrm{a},\mathrm{t}\lambda(\mathrm{E})_{0}^{\epsilon}$ with $\lambda=0$ ha,s a, unique solution, so $0\mathcal{F}_{7’ 0}$ is well
$\mathrm{d}\mathrm{e}\mathrm{f}_{1}^{\iota}11\mathrm{e}\mathrm{d}$ . Hence $0\mathcal{F}_{7’ 0}$ has a, fixed point by the $\mathrm{c}o$ntraction $111\mathrm{a}_{\mathrm{P}\mathrm{p}\mathrm{n}},\mathrm{i}\mathrm{g}$ principle,
wllicl] $\mathrm{i}_{\mathrm{l}\mathrm{I}1}\mathrm{p}\mathrm{l}\mathrm{i}\mathrm{e}\mathrm{s}$ tha,t $\lambda(\mathrm{E})_{0}^{\epsilon}$ with $\lambda=\eta_{0}$ a,dlllits a unique solution, so $7/0\mathcal{F}_{\eta 0}$
is well defined. Hence $\lambda \mathcal{F}_{\eta 0}$ with $\lambda=2\eta_{0}$ a,dlllits a unique solution. Thus
$\mathrm{r}\mathrm{e}_{1^{\mathrm{J}\mathrm{e}\mathrm{a},\mathrm{t}\mathrm{i}\mathrm{n}}}\mathrm{g}$ this $1$) $\mathrm{r}(\mathrm{C}\mathrm{e}\mathrm{d}\mathrm{u}\mathrm{r}\mathrm{e}$ finite $\mathrm{t}\mathrm{i}_{111}\mathrm{e}\mathrm{s}$ , we $\mathrm{c}\mathrm{a},\mathrm{n}$ construct a unique solution of
1
$(\mathrm{E})^{\epsilon}\mathrm{t}\mathrm{J}^{\cdot}$
To solve the original $\mathrm{a}\mathrm{p}\mathrm{p}\mathrm{r}\mathrm{o}\mathrm{X}\mathrm{i}_{11}1\mathrm{a}\mathrm{t}\mathrm{e}$ equa,tion $(\mathrm{E})^{\epsilon}$ , we next introduce a,n-
other lllatpping $\mu S\eta 1$ defined by the following correspondence:
$\mu S_{\eta_{1}}$ : $h\mapsto v_{L}^{l\iota}\mapsto-\eta_{1}\varphi z(u, u)xuu_{?j}A$ ,
where $u^{/\iota}$ is the unique solution of the following a,uxiliary equa,tion.
$\mu \mathrm{l}(\mathrm{E})_{0}^{\epsilon}\{$
$v_{t}+\epsilon Au+\varphi(u, u)?.Au+\mu\varphi_{z}(u, u\text{ }|j)\backslash u?jAu=.t\cdot$ ,
$t\in[0, T],$ $\lambda\in[0,1]$ ,
$v_{}(0)=u_{0}$ .
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By using lllllch $\mathrm{t}1_{1\mathrm{e}\mathrm{S}\mathrm{a}}1\mathrm{n}\mathrm{e}\mathrm{a},1\backslash \mathrm{g}\mathrm{u}\mathrm{l}\mathrm{l}\mathrm{l}e\mathrm{n}\mathrm{t}\mathrm{S}$ a,s for $\lambda \mathcal{F}_{\eta 0}$ , we $\mathrm{c}\mathrm{a},\mathrm{n}$ show the following
Lelllllla 3.3.
Lellllna 3.3 $Thc’?^{\mathrm{Y}}\epsilon’\Gamma,\cdot\cdot,xi.\mathrm{s}t$ a $(suf\backslash fiCi\epsilon’?|,tl,y\mathit{8}???,al/)$ positive number $?\uparrow 1$ and a posi-
$tivc\uparrow\iota u\uparrow?,b_{\mathrm{F}’},?’ Ri?1,dcpe?1,de\uparrow 1to.f\cdot\mu$ such that $\mu S_{7’ 1}$ becomes a contraction $mappi\uparrow?^{g}$,
. $f\dot{?}^{\backslash }0\uparrow 7?I\iota_{R}^{r\tau}$ into itsel,$f$) $wh_{C^{-}}?’ \mathrm{C}I1_{B}^{r\mathit{1}}’\urcorner=\{v\in L^{2}(0, T;H_{k});||v||L^{2}(0,T;H_{k})\leq R\}$ .
Th.en we can a,ssure the existence of solutions of $\mu 1(E)_{0}^{\Xi}$ with $\mu,$ $=1$ . Finally
we introduce the $11\mathrm{l}\mathrm{a},\mathrm{p}\mathrm{p}\mathrm{i}\mathrm{l}\mathrm{M}^{\gamma}$, a,s follows.
$\mathcal{W}$ : . $f\cdot\mapsto u^{f}\mapsto\varphi(u^{Jf}., u_{x^{\backslash }}.)(u_{\tau J}.)^{2}f$ ,
where $v^{f}$, is the unique solution of 11 $(\mathrm{E})_{0}^{\epsilon}$ . Since $\mathcal{W}$ does not involve any slnall
pa,ra,meter such as $t\mathfrak{j}_{0}$ for $\lambda \mathcal{F}_{\prime 0}$, or $\eta_{1}$ for $\mu S_{\eta_{1}}$ to control the size of the va,lue of
$\mathcal{W}$ , we need the $\mathrm{S}\mathrm{l}\mathrm{l}\mathrm{l}\mathrm{a},1\mathrm{l}\mathrm{n}\mathrm{e}\mathrm{S}\mathrm{s}$ of $T_{0}$ . However, by the standa,rd energy $\mathrm{e}\mathrm{s}\mathrm{t}\mathrm{i}_{111}\mathrm{a},\mathrm{t}\mathrm{e}\mathrm{s}$
for $(\mathrm{E})^{\epsilon}$ , we $\mathrm{c}\mathrm{a},\mathrm{n}$ esta,blish a $1$) $\mathrm{r}\mathrm{i}_{\mathrm{o}\mathrm{r}}\mathrm{i}$ bound for $||A^{1/2}u(t)||_{H_{k}}$ , which assures that
the loca,1 solution $011[0, T_{0}]\mathrm{c}\mathrm{a}\mathrm{n}$ be continued up to $[0, T]$ . Thus $\mathrm{t}1_{1}\mathrm{e}$ first step
is $\mathrm{C}()1\mathrm{J}11^{\mathrm{J}1\mathrm{t}}\mathrm{e}\mathrm{e}\mathrm{d}$ .
Step2 (A priori estillnates)
We apply $\mathrm{t}1_{1}\mathrm{e}$ “ $L^{\infty}$ -energy lIlethod” introduced in $([13],[14])$ . Since the
$1)\mathrm{r}\mathrm{e}\mathrm{s}\mathrm{e}\mathrm{n}\mathrm{c}\mathrm{e}$ of the terlll $\epsilon Av$, does not $\mathrm{d}\mathrm{i}\mathrm{s}\mathrm{t}_{\mathrm{U}}1^{\backslash }\mathrm{b}$ the following $\arg_{\mathrm{U}\mathrm{l}\mathrm{n}\mathrm{e}\mathrm{n}}\mathrm{t}$ , it suffices
to establish a, priori $\mathrm{e}\mathrm{s}\mathrm{t}\mathrm{i}_{1}\iota 1\mathrm{a},\mathrm{t}\mathrm{e}\mathrm{s}$ for $\mathrm{t}1_{1}\mathrm{e}$ original equa,tion (E).
(i) $\mathrm{E}\mathrm{s}\mathrm{t}\mathrm{i}\mathrm{l}\mathrm{l}\mathrm{l}\mathrm{a},\mathrm{t}\mathrm{e}$ for $||u(x, t)||L^{\infty}(\mathrm{R}\cross[0,T1)$ :
Multiply $(\mathrm{E})^{\epsilon}$ with $\epsilon=0$ by $|v,|^{r\cdot-2}v\text{ }$ ’ then by the integra,tion by pa,rts,
we get
$\frac{1}{\uparrow},$ $\frac{}d,}{d_{\text{ }}f_{\text{ }}||v_{L}(f_{\text{ }})||J^{\cdot}.)L’(\mathrm{R} = -(\uparrow’-1)\int\varphi(u, u_{T\prime}.)|u|r\cdot-2|u|^{2}xdx$
$\leq$ $0$ .
$1^{-}1\mathrm{e}11\mathrm{c}\mathrm{e}||\uparrow\iota(t)||_{L^{r}(\mathrm{R}})\leq||V_{\text{ }0}||_{L’}\cdot(\mathrm{R})$ for a,ll $r\in[2, \infty)$ , then letting $rarrow\infty$ ,
we deduce
$||u(t)||L’(\mathrm{R})\leq||u0||L’(\mathrm{R})$ for all $\uparrow’\in[0, \infty]$ a,nd $t_{\text{ }}\in[0, T]$ . (2)
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(ii) Estillla,te for $||u_{x}(x, t_{\text{ }})||L\infty(\mathrm{R}\cross 10,\tau_{0]})$ :
Multiply $(\mathrm{E})^{\epsilon}$ with $\epsilon=0$ by $-\triangle_{r}.v_{L}=-(|u,|j|\backslash )_{\tau_{J}}l\cdot-2u_{x}.$ , then we have
$\frac{1}{\uparrow}.\frac{}d}{dt_{\text{ }}||D.)jv,(f_{\text{ }})|||L^{\cdot}f\cdot(\mathrm{R})+J_{0}+J_{1}=.J_{2}$, (.3)
$.J_{0}=( \uparrow’-1).\int\varphi(u, u_{x})|u_{x}|7^{\cdot}-2(D^{2}v_{\text{ }})^{2}?jdx\geq 0$ ,
$.J_{1}=( \uparrow’-1).\int\varphi_{z}(u, u)u_{?}|v_{L},.,|^{t}-2(D_{\iota}^{2}xi.\cdot,)^{2}udx\geq 0$ ,
$.J_{2}‘=-/\cdot(\rho_{u}(u)xu)|v_{j},.\cdot,|2(|v,?j|^{r}-2\prime u|j)\backslash \backslash ’\}jdx$ .
Here
$J_{2}$ $=$ $-, \frac{\uparrow-1}{\uparrow’+1}./’\varphi_{u}(u, u_{?j})(|u.ij|7^{\cdot})uxxdx$
$=$ $\frac{?^{1}-1}{r+1}/\cdot\varphi_{u\mathrm{t}l}|u_{\tau_{\text{ }}\backslash }|^{?}.+2dX+’\frac{\uparrow,-1}{\uparrow+1}.\int\varphi_{vz}|u?j|^{?}.v\text{ }xD_{\mathrm{t}}^{2}.ud_{X}$
$=$ $J_{2}^{1}+.J_{2}^{2}$ ,
where we get







$\leq$ $\frac{1}{\uparrow^{\urcorner}+2}.\int|\varphi_{uuz}(u, u_{x})u_{x}+\varphi_{\mathfrak{u}zz},(u, u?j)D\backslash \tau 2u||v,|\backslash \eta j’+2dx$
There exists a consta,nt $C_{\epsilon}$ depending on $\epsilon$ such $\mathrm{t}\mathrm{h}\mathrm{a},\mathrm{t}$
$|\varphi_{vvz}(u, u_{x})v_{\eta j},.+\varphi_{uzz}(u, u_{l}.)j|D_{?j}2u\leq C_{\epsilon}^{\gamma}$ .
Hence we find
$.J_{2}^{2} \leq\frac{C_{\epsilon}}{\uparrow\backslash +2}/\cdot|u_{j},.|^{\uparrow}.+2dx$ . (4)
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Thus, in view of (2),(3) and (4), we derive
$||u.(|jt)||_{L(\mathrm{R}}^{?\cdot-1}?.) \frac{}\mathrm{r}f}{dt_{\text{ }}|\text{ }|u’.|j(f\text{ })||_{L’(}.\mathrm{R})\leq(c_{0+}^{\mathrm{Y}}\frac{C_{\epsilon}^{\mathrm{Y}}}{\uparrow\cdot+2}).\int|ux|\gamma\cdot+2dx$.
By $\mathrm{d}\mathrm{i}\mathrm{v}\mathrm{i}\mathrm{d}\mathrm{i}\mathrm{l}\mathrm{l}\grave{\mathrm{g}}$ both sides by $||v_{J}|j(:t)||rL’(\mathrm{R})-1$ , we get
$\frac{}rf,}{cft_{\text{ }},||u_{lj}.(t,)||_{L^{\Gamma}(\mathrm{H}})\leq(C_{0}^{\gamma}+\frac{C_{\epsilon}^{\gamma}}{\uparrow\cdot+2}\mathrm{I}||v,.|j||_{L}^{2}.\infty(\mathrm{R})||v’.|j||_{L^{r}(\mathrm{R}})$.
Hellce letting $\uparrow’arrow\infty$ , we obta,in
$||_{U_{x}},(t)||L\infty(\mathrm{H})$ $\leq$
$||u_{0_{?}\backslash j}||_{L^{\infty}(} \mathrm{R}\rangle+c\epsilon.\int_{0}t.)||ux(_{S})||\mathrm{t}3L^{\infty}(\mathrm{R}d_{\text{ }}S$ .
Then it is $\mathrm{e}\mathrm{a}$,sy to show $\mathrm{t}\mathrm{h}_{\mathrm{c}}’\iota,\mathrm{t}$ there exists a, positive nulllber $T_{0}=$
$T_{\mathrm{u}}(||‘ U\prime 0||L^{\infty}(\mathrm{R}), ||v_{0x},||L\infty(\mathrm{R}))\leq T$ independent of $\epsilon$ such $\mathrm{t}\mathrm{h}\mathrm{a},\mathrm{t}$
$||v_{\text{ }}.ti(t)||L\infty(\mathrm{R})\leq 2||v_{0}\text{ }.|j||_{L}\infty(\mathrm{R})$ for a,ll $t\in$ [$0,$ To]. (5)
(iii) $\mathrm{E}\mathrm{s}\dagger_{t}\mathrm{i}_{11}1_{\mathrm{C}}^{\prime\iota},\mathrm{t}\mathrm{e}\mathrm{f}\mathrm{o}1’||D_{?^{\backslash }}^{2}’,\mathrm{U},(X, i)||L\infty(\mathrm{R}\cross[0,\tau_{1}])$ :
We differentiate $(\mathrm{E})^{\epsilon}$ once with $\mathrm{r}\mathrm{e}\mathrm{s}_{\mathrm{I}^{)\mathrm{e}\mathrm{C}\mathrm{t}}}$ to the x-va,$\mathrm{r}\mathrm{i}\mathrm{a}\mathrm{b}\mathrm{l}\mathrm{e}$ to obta,in $(\mathrm{E})_{x}^{\epsilon},$ ,
$\mathrm{d}_{\cup}’11\mathrm{d}_{1}11\mathrm{u}\mathrm{l}\mathrm{t}\mathrm{i}\mathrm{p}\mathrm{l}\mathrm{y}(\mathrm{E})_{x}^{\epsilon},$ $\mathrm{b}\mathrm{y}-\triangle_{r^{1\iota_{l}}.j}.=-(|D_{t}^{2}.v_{J}|j?-2D_{x}^{2}.,u).|j$ . Then we obtain
$\frac{1}{\uparrow}.\frac{cf}{d_{\text{ }}f}||D^{2}.\cdot|ju(t)||’ L^{\cdot}?.(\mathrm{R})$ $=$ $- \int D_{\tau}^{2}.(\varphi(u, u.|j)ux)(|D^{2},v\text{ }|^{r}xx)-2D2\prime u.|jd_{X}$
$D_{\Gamma,}^{2}.(\varphi(u, u?,\backslash )u_{x})$ $=$ $(\varphi+\varphi_{\approx}\mathrm{t}/l?j)D_{\iota\backslash }^{3}.\cdot.u$
$+a_{1}(u, u_{1\prime}.,,)+a_{2}(u, u_{x})D_{\iota}^{2}.\cdot u+a_{3}.\cdot(u,u.,|i)(D_{x\backslash }^{2}.u)2$
So we $1\mathrm{l}\mathrm{c}\gamma,\mathrm{v}\mathrm{e}$
$, \frac{}d}{dt_{\text{ }},,||\prime D_{\mathrm{t}}^{2}.‘.\uparrow/,(f_{\text{ }})||r.+J_{0}=J_{1}L’(\mathrm{R}\rangle$ $+J2+J3$ (6)
$J_{0}=(?’-1). \int(\varphi(u, u_{x})+\varphi_{z}(u, u)xux)|D.2.|^{\gamma}\mathrm{t}(u-2D^{3}v_{\text{ }})^{2}xdx$
$\geq 0$ ,
$J_{1}=-. \int a_{1}(\uparrow/,, \cdot u’?i)(|D_{\iota}^{2}.,v_{\text{ }}|7^{\cdot}-2D^{2}v_{\text{ }})?j\cdot,jXd$ ,
$.J_{2}=-./a_{2}\backslash (u, u_{2j}.)D.2,u|’(|D^{2}‘,v|^{\mathit{7}-}?.’ D22u)_{x}?idx$ ,
$J_{3}.\cdot=-./\cdot a_{3}.(v_{\text{ }}, \eta/_{\eta}\text{ })\backslash ’(D_{\mathrm{I}^{\backslash }}^{2}.\prime u,)^{2}(|D_{\iota^{\backslash }}^{2}.‘ u|’..-2D_{x}^{2},v,)_{?}\cdot d_{X}$.
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By using integra,tion by $\mathrm{p}\mathrm{a}_{i}\mathrm{r}\mathrm{t}\mathrm{s}$ and (2) and (5), we get
$J_{1}$ $=$ $-. \int(a_{11},(u, u_{?})v_{\iota}\text{ }.\backslash j+a_{1z}(u, u_{x})D^{2}.u)x|D_{Jj}^{2}u|7^{\cdot}-2D_{si}2u$
$=$ $C_{1}. \int|D_{x}^{2}u|r-1|u_{x}|dx+C_{2}.\int|D_{x\backslash }^{2}u|^{\Gamma}dx$ , (7)
$J_{2}$ – $-. \int a_{2}(u, u_{x})D_{x}.2u\cdot(|D_{\tau\backslash J}^{2}u|7^{\cdot}-2D_{x\backslash }2u)_{x}dX$
$=$ $-. \int a_{2}(u, u_{x})\cdot\frac{\backslash -1}{\uparrow}(|D2u|x)rdx\uparrow\backslash x$
$=$ $\uparrow\backslash -1\uparrow\backslash .\int(a_{1v}(u, u_{x})u_{?j}+a_{1z}(u, ux)D?2ju)|D_{x}^{2}.u|^{r}dx$
$=$ $C_{3}$. $. \int|D_{x}^{2}.u|^{r}dx+C_{4}.\int|D_{x}^{2}.u|\uparrow’+1dx$ , (8)
$.J_{3}$ $=$ $-. \int a_{3}(u, u_{\eta\backslash })j(D_{x\backslash }2u)^{2}$ : $(|D_{x}^{2},u|^{7-}2D_{?i}2u)_{?}jdx$
$=$ $-. \int a_{s}.\cdot(u, ux)\cdot\frac{\uparrow\backslash -1}{\uparrow^{\tau}+1}(|D_{g^{\backslash }J}^{2}u|^{r}D^{2}v’)_{?}?_{\nu}^{\backslash }’\backslash dx$
$=$
’
$\frac{\prime-1}{\uparrow\backslash +1}./(\mathrm{o}_{3v}(u, u)xu_{?}j+a_{3z}.(u, u)xD^{2}u)x|D_{c}^{2}.,u|\prime D_{\sigma j}2ud_{X}$
$=$ $C_{5}. \int|D_{x}^{2}.u|r+1dx+C_{6}.\int|D_{T,}^{2}.u|^{r+}2dx$ . (9)
Then (6)$-(9)$ give,
$||D_{x}^{2},v \text{ }(t)||_{L^{-}()}^{r},.1\frac{d}{dt}\mathrm{R}||D2u(x\}\text{ })||Lr(\mathrm{R})$
$\leq$ $C_{1}\text{ }||u.\prime \mathrm{r}J||L^{r}(\mathrm{H})||D_{\tau\backslash }2|\mathrm{d}u|_{L^{-1}}rr(\mathrm{R})$
$+^{c^{\mathrm{Y}}}7(1+||D_{x}2||_{L}\infty(\mathrm{R}\cross[0,T])+||uD_{a}2|ju|2L^{\infty}(\mathrm{H}\cross[0,T]))||D_{x}^{2}.u||rLr(\mathrm{R})dx$ .




Then it is $\mathrm{e}\mathrm{a}$,sy to show that there exists a positive nulnber $T_{1}=$
$T_{1}(||v\mathrm{T}0||_{L(\mathrm{R})}\infty, ||u_{0}|x|_{L^{\infty}}(\mathrm{R}),$ $||D_{ti}^{2}.u_{0}||L^{\infty}(\mathrm{R}))\leq T$ such tha,t
22
$||D_{\tau}^{2}.u(t)||L\infty(\mathrm{R})\leq 2||D_{x}^{2}.v_{0},||L\infty(\mathrm{R})$ for all $f_{J}\in[0, T_{1}]$ . (10)
Iiere we note $\mathrm{t}\mathrm{h}\mathrm{a},\mathrm{t}$ the consta,nts $C_{i}(i=\perp, 2, \cdots, 7)$ depend on the
$\mathrm{i}_{11}\mathrm{i}\mathrm{t}\mathrm{i}_{\partial \mathrm{J}}$ da,ta, but not on $\epsilon$ .
(iv) Estilllate for $||D_{?^{\backslash },}^{3}\backslash u(x, \dagger/)||L^{\infty}(\mathrm{R}\cross[0,\tau_{1}])$ :
In order to derive the a, priori bound for $||D_{x}^{3}.u(x, t)||_{L^{\infty}}$ under $\mathrm{a},\mathrm{s}\mathrm{s}\mathrm{U}\ln_{\mathrm{P}^{-}}$
tion (A.2), we rely on the following $\mathrm{i}\mathrm{n}\mathrm{t}\mathrm{e}\mathrm{r}_{\mathrm{I}^{)}}.\mathrm{o}\mathrm{l}\mathrm{a}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{n}$ inequality: ‘.
$||D_{x}^{;_{u}}(x, \dagger_{\text{ }})||L^{\infty}\leq\sqrt{2}||D_{x}^{3}u(x, t)||_{L^{/_{2}2}}^{1}\cdot||D_{7\backslash j}^{4}u(X, t)||_{L}^{1/_{2}2}$ . (11)
Tha, $\mathrm{t}$ is to say, we $\mathrm{h}\mathrm{a}$,ve only to establish a, priori bounds for $||D_{x}^{3}u(X, t)||L2$
$\mathrm{a},1\mathrm{l}\mathrm{d}||D_{?\text{ }^{}4}.u(X, t)||L2$ .
(v) $\mathrm{E}\mathrm{s}\mathrm{t}\mathrm{i}_{1}11\mathrm{a}\mathrm{t}\mathrm{e}$ for $0 \leq t\leq\sup_{1\tau}||D_{x}^{3}u(X, t)||_{L(\mathrm{R}}2)$ :
We differelltia,te $(\mathrm{E})^{\epsilon}$ twice with respect to x-va,$\mathrm{r}\mathrm{i}\mathrm{a}$,ble to obtain $D_{x}^{2}.(\mathrm{E})^{\epsilon}$ ,
a,nd $111\mathrm{u}\mathrm{l}\mathrm{t}\mathrm{i}_{\mathrm{P}}1\mathrm{y}D^{2}\backslash |\text{ ^{}\backslash }(\mathrm{E})\epsilon \mathrm{b}\mathrm{y}- D^{4}.|ju$. Then we get
$\frac{1}{2}\frac{d}{df_{/}}||D_{g}3(jtu)|\text{ }|_{L^{2}()}^{2}\mathrm{R}$ $=$ $-. \int D_{x}^{3}(\varphi(u, ux)u_{x})D_{x}4duX$ ,
$D_{?j}^{3}(\varphi(\mathrm{t}/’, u,|^{\backslash })\backslash ’ u_{?\text{ }},)$ $=$ $(\varphi+\varphi_{z}u_{x})D_{x}4u+(5\varphi_{z}+3\varphi zzux)D_{x}2uD^{3}xu$
$+b_{1}(u, u_{?j}, D^{2}.u)l+b_{2}(u, u_{?j})D_{x}^{3}u$ .
So we have
$\frac{1}{2}\frac{d}{dt}||D_{?j}^{\cdot}3u(t)||_{L^{2}(\mathrm{R}}^{2})01++J=JJ_{2}$ (12)
$J_{0}=. \int(\varphi(u, u\tau^{\backslash })\backslash ’+\varphi_{z}(u, u.|j)u_{x})(D_{x}^{4}.u)2\geq 0$,
$J_{1}=-. \int b_{1}(u, u_{x}, D^{2}u?j)D^{4}?judX$ ,
$J_{2}=-. \int b_{2}(u, u_{x\backslash })D^{3},uD.4d_{X}xxu$ ,
$.J.\cdot,$ $=-5. \int\varphi,-(\prime u,$ $u_{?d},\mathrm{I}^{D_{\mathrm{t}}^{2}}.uD_{x}3uD^{4}udxx$
’
$J_{4}=-3. \int\varphi_{zz}(u, u?j)uD^{2}x.|\text{ }u\backslash D_{?}^{3}\backslash \backslash uD_{?j}^{4}ud_{\text{ }}XJ^{\cdot}$
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It is $\mathrm{e}\mathrm{a}$,sily follows froln (2), (5) and (10) $\mathrm{t}1_{1}\mathrm{a}\mathrm{t}$
$.J_{1}$ $=$ $. \int(b_{1\mathrm{t}}(1’ lj".\iota’ uu, u.D^{2})u.\mathrm{r}+b_{1z}(u, u_{x}, D_{gj}^{2}u)D_{\mathrm{J}j}^{2}u$
$+b_{18},(u, u.x’ D_{1}^{2}.,u)D_{?}3\text{ }’ u)D_{TJ}^{3}.ud_{X}$
$\leq$ $C_{8}^{\gamma}./(|v_{\{1j}.|+|D_{x\backslash }^{2}u|+|D_{L}^{3}.,u|)|D_{x}^{3}.vJ|dx$ .
Repea,ting the $\mathrm{s}\mathrm{a},11\mathrm{l}\mathrm{e}\mathrm{a}1^{\cdot}\mathrm{g}\mathrm{u}\mathrm{l}\mathrm{n}\mathrm{e}\mathrm{n}\mathrm{t}\mathrm{S}$ with a priori bounds for $||u.|j||_{L^{\infty}(}\mathrm{R}$ ) a,nd
$||D_{\tau^{y}\backslash }^{2}.l||L\infty(\mathrm{H}.)$ , we easily obta,in the following $L^{2}$ -bound.
$\sup||v_{L}x(\dagger \text{ })||L2(\mathrm{R}),$ $\sup||D_{x}^{2}u(t)||L^{2}(\mathrm{R})\leq C_{9}$ . (13)
$t\in[0,T]$ $t\in[0,T]$
Therefore we get
$J_{1}$ $\leq$ 2 $C_{8}c_{9}||D_{x}\backslash 3u||L^{2}(\mathrm{R})+^{c|}8|D^{3}u?i||^{2}L^{2}(\mathrm{R})$ . (14)
As for $J_{2},$ (2) , (5) a,nd (10) yield.
$J_{2}$ $=$ $-/b_{2}(u,u_{x},)D_{xx}^{3}uD^{4}.ud_{X}$
$=$ $-. \int b_{2}(u, u_{x})\frac{1}{2}(D^{3}u)_{l}^{2}x\cdot d_{X}$
$=$ $\frac{1}{2}.\int(b_{2u}(u, u_{?j})u_{g}j+b_{1z}(u, u?_{J^{\backslash }})D2.u)x(D_{?_{\text{ }}^{}3},u)2$
$=$ $C_{10}. \int(|u_{x}|+|D_{x}^{2}u|)|D_{x}3.|^{2}udx$ . (15)
$\mathrm{I}\mathrm{l}1$ order to estilllate $J_{i3}$ , we note that $Z_{z}=\{(u, z)\in \mathbb{R}\cross]\mathrm{R};\varphi_{z}(u, z)\neq$
$0\}\subset Z=\{(u, z)\in 11*\cross \mathbb{R};\varphi(u, z)\neq 0\}$ . Indeed, $\varphi(v\text{ }’ z)=0\mathrm{i}_{111}\mathrm{p}\mathrm{l}\mathrm{i}\mathrm{e}\mathrm{s}$
$\varphi_{z}(u, z)=0$ , since $\varphi(u,, z)\geq 0$ . Then we get
$.J_{3}$. $=$ $-5. \int_{Z_{z}}\varphi_{z}(u, u)D_{r_{yg}}^{2}x.j’ uuD3uD_{x}^{4}d_{X}$
$\leq$ $\frac{1}{4}./z^{\Psi(u,u)}?j(D_{\tau \text{ }^{}4}.u)^{2}d\mathrm{e}X$
$+25. \int_{Z}\frac{\varphi_{z}(v,v\prime sj)^{2}}{\varphi(u,u_{a_{\text{ }}}.)},|D^{2}.v\text{ }|x2|D^{3}\backslash u|?j2cl,x$ .
Here, by a,ssulllption (A.2), $\frac{\{\varphi_{z}\mathrm{t}u,z))^{2}}{\varphi(v,z)}\leq g_{1}(u, u?j)$ , there exists a, positive
consta,nt $I\iota_{1}^{r}$ depending on $||u||_{L^{\infty}}(0,T_{1};L\infty(\mathrm{H}))$ a,nd $||u_{x}||L\infty(0,\tau 1;L\infty(\mathrm{R}))$ such
tha,t
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$| \frac{(\varphi_{\tilde{L}}(u,z))^{2}}{\varphi(v_{},\tilde{\mathcal{L}})},|_{L^{\infty}(\mathrm{H}}\mathrm{X}\mathrm{R})\leq|g_{1}(u, u_{x})|L\infty(\mathrm{H}\mathrm{X}\mathrm{H})\leq I\iota_{1}’$ . (16)
$\mathrm{C}^{\mathrm{t}}\mathrm{o}\mathrm{l}\mathrm{l}\sec_{1}\iota \mathrm{e}\mathrm{n}\mathrm{t}\mathrm{l}\mathrm{y}\backslash$ we obta,in
$J_{3}$. $\leq$ $\frac{1}{4}eJ_{0}+16K_{1}(C_{1}1)^{2}||D_{r}.3uJ||^{2}L^{2}(\mathrm{R})$ . (17)
To $\mathrm{e}\mathrm{s}\mathrm{t}\mathrm{i}\mathrm{n}\mathrm{l}\mathrm{a},\mathrm{t}\mathrm{e}J4$ ) we now note that $Z_{zz}’=\{(u, z)\in \mathbb{R}\cross \mathbb{R};\varphi_{zz}(u, z)Z\neq$
$0\}\subseteq Z_{\tilde{4}}’=\{(u, z)\in \mathbb{R}\cross \mathbb{R};\varphi_{\approx z}(u, Z)\neq 0\}$ . $\ln$ fact, since $\varphi_{z}(uz))Z\geq 0$ ,
$\varphi_{z}(u, z)_{Z}=0\mathrm{i}_{\mathrm{l}\mathrm{l}1}\mathrm{p}\mathrm{l}\mathrm{i}\mathrm{e}\mathrm{s}$ tha,t $(\varphi_{z}(u, \mathcal{Z})z)_{z}=\varphi_{zz}(u, z)Z+\varphi_{z}(u, z)=0$ .
Then $\varphi_{z}(u, z)=0$ or $z=0$ gives $\varphi_{zz}(u, \mathcal{Z})Z=0$ . Hence we find that
$\varphi_{z}(‘ U,, z)z=0\mathrm{i}_{111}\mathrm{p}\mathrm{l}\mathrm{i}\mathrm{e}\mathrm{s}\varphi_{z}z(u, z)z=0$. Then we get
$.J_{4}$ $=$ $-3. \int_{Z_{Z}^{l}}\varphi_{zz}(u, u?^{\backslash },)zu?iD^{2}.uD_{\tau}^{3}\backslash \cdot u!.Dx4udx$
$\leq$ $\frac{1}{4}.\int_{Z_{z}’}\varphi z(u, u.|\text{ }.)u(xD.4|ju)^{2}dx$
$+9 \mathit{1}_{Z_{z}}^{\cdot}J\frac{(\varphi_{\approx z}(\tau/_{\text{ }},v_{\text{ }}.,)\mathrm{L},)^{2}u_{x}}{\varphi_{z}(u,v_{l}\text{ }.)u_{?}j}.,|D_{x}2.u|^{2}|D_{x}3|^{2}udx$ .
Here, by $\mathrm{a},\mathrm{S}\mathrm{S}\mathrm{u}\mathrm{l}11\mathrm{P}^{\mathrm{t}}\mathrm{i}\mathrm{o}\mathrm{n}$ $(\mathrm{A}.2)$ , $\frac{(\varphi_{z\approx}(uz)1z)^{2}}{\varphi_{z}(u,z)z}\leq g_{2}(u, u,|_{\text{ }})\backslash$” there exists a posi-
tive constant $K_{2}\mathrm{d}\mathrm{e}_{\mathrm{I}^{)\mathrm{e}}}.\mathrm{n}\mathrm{d}\mathrm{i}\mathrm{n}\mathrm{g}$ on $||u||_{L^{\infty}}(\mathrm{u},T_{1};L\infty(\mathrm{R}))$ a,nd $||u_{x^{\backslash }}||_{L(}\infty 0,T_{1};L\infty(\mathrm{R}))$
such tha,t
$| \frac{(\varphi_{z\sim}/\prime(u,z)z)^{2}}{\varphi_{z}(vz)z},,|_{L^{\infty}(}\mathrm{R}_{\mathrm{X}}\mathrm{R})\leq|g_{2}(u, u_{x})|_{L}\infty(\mathrm{R}\cross \mathrm{R}.)\leq I\mathrm{t}_{2}’$ . (18)
Consequently we obta,in
$.J_{4}$ $\underline{<}\frac{\rfloor}{4}J_{0}+9K_{2}(C_{11})2||D_{J}.3|j|^{2}uL^{2}(\mathrm{R})$ . (19)





for all $t\in[0.T_{1}]$ . (20)
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We divide both sides of (20) by $||]_{-)_{\mathit{0}}^{3}v_{}(t},$ ) $||_{L^{2}}(\mathrm{R})$ to get,
$\frac{}d,}{df_{\text{ }}||D_{a_{J}}^{3}.\cdot,u(f_{/})||_{L}2(\mathrm{R})$
$\leq\cdot 2C_{8}^{\gamma}c_{\mathrm{q}}\mathrm{Y}.+-(C_{8}+C_{10}+(16I1_{1}+9\prime I1_{2})’\cdot(c\mathrm{Y})^{2})11||D^{3}.\cdot.v,(t)||L2|i(\mathrm{R})$
Then Gronwa,$11_{\mathrm{S}}’ \mathrm{i}\mathrm{n}\mathrm{e}_{1^{\mathrm{u}\mathrm{a}1}}(\mathrm{i}\mathrm{t}\mathrm{y}$ gives
$0\leq t\leq^{\tau}\mathrm{s}\iota_{\mathrm{P}}1||D^{3}.\cdot v,(\backslash \eta jt)||L^{2}(\mathrm{R})$
$\leq$ $(C_{12}+. ||D_{?J^{\backslash }}.\cdot,u_{0}||_{L(}2\mathrm{R}).)ec1\backslash 3\tau$ (21)
liere we note $\mathrm{t}\mathrm{h}\mathrm{a},\mathrm{t}$ the $\mathrm{c}\mathrm{o}\mathrm{n}\mathrm{s}\mathrm{t}\mathrm{a}11\mathrm{t}_{\mathrm{S}}\mathrm{a}\mathrm{p}\mathrm{p}\mathrm{e}\prime \mathrm{d}\downarrow \mathrm{r}\mathrm{e}\mathrm{d}$ in this $\mathrm{s}\mathrm{t}\mathrm{e}_{1^{\mathrm{J}}}\mathrm{d}\mathrm{e}_{1^{\mathrm{J}}}\mathrm{e}\mathrm{n}\mathrm{d}$ on




$t\leq T1||D_{\mathrm{r}}^{4}.\cdot u(X, \dagger_{\text{ }})||L2(\mathrm{R})$
:
In order to obta,in the a, $1$) $1^{\backslash }\mathrm{i}_{\mathrm{o}\mathrm{r}}\mathrm{i}$ bound for $||D_{x}^{4}u(t)||_{L^{2}(\mathrm{R})}^{2}$ , we $111\mathrm{U}\mathrm{l}\mathrm{t}\mathrm{i}_{\mathrm{P}^{\mathrm{l}\mathrm{y}}}$
$D_{1^{\backslash }}^{3}.(\mathrm{E})^{\epsilon}$ by $D_{?i}^{5}u$ a,nd repea,$\mathrm{t}$ llluch the $\mathrm{s}\mathrm{a},11\mathrm{l}\mathrm{e}\mathrm{a},\mathrm{r}\mathrm{g}\mathrm{U}\mathrm{l}11\mathrm{e}\mathrm{n}\mathrm{t}_{\mathrm{S}}$ a,s a,bove to get
$\frac{1}{2}\frac{}\mathrm{r}f_{\text{ }}{d_{\text{ }}f\text{ }}||D^{4}u\backslash |j(f’)||_{L^{2}()}^{2}\mathrm{R}$ $=$ $-. \int D_{?i}^{4}(\varphi(u, u_{x})u.,lj)D_{x}5v_{jd}x$ ,
$D_{lj}^{4}.(\varphi(u, u_{?}.)u?i)$
$=$ $(\varphi+\varphi,-,v_{x},)D^{5}.|iu+d_{0}(u, u_{x}, D_{j}.2,v\text{ })+d_{1}(vL’ u_{x}, D_{t}.\cdot 2jv,)D^{3}.u\text{ }|i$
$+(5\varphi_{z}(u, u\approx)+3\varphi zzv_{\text{ }}.lj)(D_{lj}^{3}.u)^{2}$
$+(6\varphi_{z}(u, u.\cdot,.)+4\varphi_{zz}(v_{J}, u_{?}.)v_{?i}\text{ })D_{?j}2uD_{x}^{4},u$
$+d_{2}.(u, u_{li}.\cdot)D_{?\text{ }^{}4},u$ .
So we $11’\mathrm{d},\mathrm{V}\mathrm{e}$
$\frac{1}{2}\frac{}d}{d,f_{\text{ }}||D_{?_{\text{ }^{}\backslash }}^{4}v_{\text{ }}(\dagger \text{ })||2L^{2}(\mathrm{R})2J4++J_{0}=.J_{1}+J+J_{3}+..J5$ (22)
$.J_{0}=. \int(\varphi(u, u_{1j}.,)+\varphi_{z}(u, u_{lj}.\cdot)u_{x})(D_{?}^{5}.,u)^{2}\geq 0$ ,
$.J_{1}=-. \int d_{0}(u, uD_{\mathrm{t}}^{2}u)?j’.\cdot D^{5}u?’ d_{X}$ ,
$.J_{2}=-./d_{1}(u, u_{?^{\backslash }J}, D.2)li..d_{X}uD_{\tau}3uD_{r_{J}}^{5}u$ ,
$J_{3}=-6/ \varphi_{z}(\prime n, 0l,)\approx((D_{2j}^{3}.u)2+\frac{5}{6}D^{2}uD^{4},u\backslash \tau.|^{\backslash )D_{\tau j}d}\backslash 5uX$,
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$.J_{4}=-4. \int\varphi_{\approx}zu_{J}.((D_{x}3.u)^{2}+\frac{3^{i}}{4}D_{x}^{2}.uD4u)?juD_{x}^{5}d_{X}$,
$.J_{5}=-. \int d_{2}(u, u.,t,\backslash )D_{i}4,D_{x}^{\mathrm{s}}uu,dX$ .
The integra,tion by $1$) $\mathrm{a},\mathrm{r}\mathrm{t}\mathrm{s}$ a,nd $\mathrm{e}\mathrm{s}\mathrm{t}\mathrm{i}\mathrm{l}\mathrm{l}\mathrm{l}\mathrm{a},\mathrm{t}\mathrm{e}\mathrm{s}(2),$ (5) a,nd $(\mathrm{i}\mathrm{o})$ yield
$.J_{1}$ $=$ $- \int d_{0}(u, u_{x}, D.\}j)2D.5uu.,d_{X}|^{\backslash }$
$=$ $. \int(d_{0v}(u, uD^{2}.\cdot u)?j’ \mathrm{t}u_{x}+d_{0z}(u, u,|i’ u\backslash D_{Jj}2)D_{?_{J^{\backslash }}}^{2}u$
$+d_{0ly},(u, u_{j}.,,, D.2u)ljD_{\mathrm{t}}^{3}.u)D_{x}^{4}.ud_{X}$
$\leq$ $C_{14} \int(|u_{\eta\backslash }|i+|D^{2}u|x|D^{3}u|x)|D_{x}4u|+.\backslash dx$
Therefore, by virtue of (13) a,nd (21), we get
$.J_{1}$ $\leq$ $3C_{14}c_{15}||D^{4}?jv_{\text{ }}(t_{\text{ }})||_{L}2(\mathrm{R}\rangle$
$\cdot$
(23)
Silllila${ }$rly we get
$.J_{2}$ $=$ $-. \int cf_{1},(u, ux’ D_{?_{\text{ }}^{}2},u)D3D_{l}^{5}\backslash u.udxx$
$=$ $. \int(d_{1v}(u, u_{x}, D_{l^{\backslash }\backslash }^{2}u)ux+d_{1z}(u, u_{x}, D_{?j}^{2}u)D^{2}ux$
$+d_{1\not\in},(u)u_{rj)}‘ D_{\mathrm{t}}^{2}.,u)D^{3}.vx\text{ })D_{x}^{3}uD4ud_{X}?i$
$+. \int d_{1}(u, u_{x}, D_{?}2,u\text{ })(D^{4}v\mathrm{t})\mathrm{t}\eta jd2x$




$./(D_{\eta\backslash }^{3}v_{}i)3D_{?j};udx$ $=$ $.[3(D_{?j}^{3}v,)2D^{4}xuD2ud,X?j$
$\leq$ $3||D_{x}^{2}.v,||_{L^{\infty}}(\mathrm{R})||D_{\iota}^{4}.\cdot v,||_{L}2(\mathrm{R})||D_{x\backslash }^{\mathfrak{i}};v_{\text{ }}||2L4(\mathrm{R})$
’
whence follows
$||D_{?j}^{3}.\cdot v,||^{2}L^{4}(\mathrm{R})$ $\leq$ $3||D_{\iota}^{2}.,u||L\infty(\mathrm{R})||D_{?j}4u||L^{2}(\mathrm{R})$ . (24)
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Then we get
$.J_{2}$ $\leq$ $C_{16}||D_{Jj}^{3}v_{\text{ }}||L2(\mathrm{R}.)||D^{4}.u|\mathrm{D}|L^{2}(\mathrm{R})$
$+(3C_{16}||D_{\theta}^{2}.u||_{L}\infty’(\mathrm{H})+C_{17})||D_{x}^{4}.u||_{L}22(\mathrm{R})$ . (25)
Using a,gain the $\mathrm{f}\mathrm{a}$,ct $\mathrm{t}\mathrm{h}\mathrm{a},\mathrm{t}Z_{z}\subset Z$ , we now have
$J_{3}$. $=$ $-6. \int_{Z_{z}}\varphi z(u,u_{z})(\frac{5}{6}(D_{x}^{3}.u)^{2}+D_{r_{J}\backslash }^{2}uD^{4}.,u)2,,dD_{x}5Xu$
$\leq$ $\frac{1}{2}.\int_{z^{\varphi()(}}u,$$u_{x}D_{x}5.u)^{2}dx$
$+36. \int_{7}\lrcorner\frac{\varphi_{z}(v_{\text{ }},u_{x})2}{\varphi(u,u_{x})},(|D_{l_{\text{ }}^{}3}.\backslash u|4+|D_{x}^{2}.u|2|D_{\iota}.4u|^{2)}\backslash dx$ .
Hence by (16) a,nd (24), we get
$J_{3}$. $\leq$ $\frac{1}{2}J_{0}+360K_{1}||D_{\tau}^{2}.u||2L^{\infty}(\mathrm{R})$ . $||D_{x}^{4}.,u||_{L(\mathrm{R}}22$)
$\leq$ $\frac{1}{2}J_{0}+C_{18}||D^{4}.u|’|j|^{2}L^{2}(\mathrm{R})$ . (26)
In order to estill..late $J_{4}$ , reca,ll the $\mathrm{f}\mathrm{a}$,ct that $Z_{\tilde{4}z}’\subset Z_{\tilde{4}}’$ , then we have
$.J_{4}$
$=$ $-4. \int\varphi_{zzx}u(\frac{3}{4}(D_{x}\mathfrak{i};_{u}.)2+D_{\eta}^{2}.,uD_{\tau\backslash }4)jD_{l^{\backslash }}^{5}u.u\zeta Jf,x$
$\leq$ $\frac{1}{2}.\int_{z^{\varphi_{z}(u,u_{x}}})u_{?\text{ }}.(D_{gj}^{5}u)2dx$
$+16. \int_{Z}\frac{(\varphi_{zz}(vJu_{?^{\backslash }\text{ }},)u_{l})2}{\varphi_{z}(u’ u_{p_{\text{ }}})u2j},.(|D_{x}^{3}u|^{4}+|D_{Jj}^{2}u|^{2}|D_{r,}^{4}.u|2)dx$.
I-Ience by (18) and (24), we get
$J_{4}$ $\leq$ $\frac{1}{2}.J_{0}+160K_{2}||D_{?}2,|vj|‘ 2L\infty(\mathrm{R})||D^{4}u?j||^{2}L^{2}(\mathrm{R})$
$\leq$ $\frac{1}{2}J_{0}+^{c_{19}}||D^{4}.|ju||_{L}^{\mathit{2}}.\underline{9}(\mathrm{R})$ (27)
As for the last $\mathrm{t}\mathrm{e}\mathrm{r}\ln J_{5}$ , the integration by $\mathrm{p}\mathrm{a}$,rts gives
$.J_{5}$ $=$ $-. \int d_{2}(u, v_{J}x)D_{?}4uD5udxjx$
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$=$ $-\mathit{1}^{d_{2}(u},$ $u.,)|p$ . $\frac{\rfloor}{2}((D_{x}^{4}.\cdot \mathrm{t}’,)2)_{1}.jxd$
$=$ $\frac{1}{2}J^{\cdot}(d_{2u}(u, u_{x})v_{0j}\text{ }+cl_{2\approx}‘(u, u_{x})D_{\mathrm{t}}.2.vJ)(D_{x}^{4},v_{\text{ }})^{2}d.’\iota$
$\leq$ $C_{20}^{\gamma}||D4u?j||^{2}L^{2}(\mathrm{H})$ (28)
$\mathrm{T}1_{1}n\mathrm{s}$ , in view of (22) $)(23),(25)(26),$ (27) a,nd (28), we derive
$\frac{1}{2}\frac{}cl}{(]_{\text{ }}f_{\text{ }}||D^{4}\mathrm{c}l’.|j(\dagger \text{ })||2L^{2}(\mathrm{R})$
$\leq$ $C_{21}^{\gamma}‘||D_{j}^{4}.,vJ(\dagger \text{ })||L2(\mathrm{R})+C_{22}||D4.(:|\text{ })uf_{\text{ }}||2L^{2}(\mathrm{R})$
’
for all $f_{J}\in[0.T_{1}]$ . (29)
Consequently, by Gronwa,$11’ \mathrm{s}$ inequa,lity, we obtain
$| \sup_{0\leq t\leq\tau}||D_{x}^{4},u(t)||_{L^{2}(\mathrm{R}})$
$\leq$ $(C_{21}^{\gamma}+||D_{x}^{4}u0||_{L^{2}}(\mathrm{H}))e^{C}22T$ (30)
I-Iere we note that the consta,nts a,ppeared in this step depend only on
the initial da,ta a,nd so on but not $\epsilon$ .
(vii) $\mathrm{I}_{d}^{\dashv}\urcorner \mathrm{s}\mathrm{t}\mathrm{i}1\mathrm{l}1’\zeta 1,\mathrm{t}\mathrm{e}$ for $||D^{\gamma)\iota_{l}}/_{\text{ }}(X, t)||L\infty(\uparrow?l\geq 4)$:
The $\mathrm{b}_{r\gamma,\mathrm{S}}\mathrm{i}\mathrm{c}$ llleth$()$ d to esta,blish $\mathrm{a}$ , priori bounds for $||D^{m}u(x, \dagger_{\text{ }})||L^{\infty}$ with
$\uparrow\}7\geq 4$ is essentia,lly the sa,lne as that $\mathrm{f}\mathrm{t}\mathrm{l}$. the case $\uparrow?l=4$ . So we here
$\mathrm{s}\mathrm{l}\mathrm{l}\mathrm{o}\mathrm{w}$ how to derive the a, $\mathrm{I}.$) $\mathrm{r}\mathrm{i}\langle)\mathrm{r}\mathrm{i}$ bound only for the casc $\gamma\eta=4$ .
$1^{\dashv}\urcorner \mathrm{i}\mathrm{r}\mathrm{s}\mathrm{t}$ we note $\mathrm{t}\mathrm{l}\mathrm{l}\mathrm{a}\uparrow \mathrm{t}D_{x}^{3}.(\mathrm{E})^{\epsilon}$ gives
$(D_{\iota}^{3}.\cdot n,)i$ $=$ $(\varphi+\varphi_{z}v_{?},.)J)^{5}.1ju+e_{1}(v,, ‘ u.\cdot|j’ D_{?\backslash j}^{2}‘ u, D^{3}.\backslash .u)|j$
$+C_{2}^{-}’(u, u.,D^{2}u\iota’.1\text{ }.)D_{\mathrm{t}}.4,v$,
$\mathrm{N}\mathrm{I}\iota 1\mathrm{l}\mathrm{t}\mathrm{i}\mathrm{P}\mathrm{l}\mathrm{y}\mathrm{i}\mathrm{l}\mathrm{J}\mathrm{g}$ this by $-\triangle_{\mathit{7}}.(D_{x^{?}}.3)/_{\text{ }}=-(|D_{x}^{4_{\mathrm{t}}},/,|\gamma\cdot-2D.4|iu):|j$ ’ we obta,in
$||D_{?j}^{4}vj(f_{\mathit{1}})||^{r-1}Lr( \mathrm{R})\frac{}cf,}{d,t_{\text{ }}||D_{1}^{4}.,u(t)||L’.(\mathrm{R})$
$=$ $.J_{0}+.J_{1}+.J_{2}$ , (31)
$.J_{0}=(? \cdot-1).\int(\varphi(u, u.|^{\backslash },)+\varphi_{z}(u, u_{?j})v_{x}\text{ })|D_{x}^{4},u|^{\mathit{7}}-2(D^{5}u)?_{/}^{\backslash }2dx$
$\geq 0$ ,
$.J_{1}=-. \int \mathrm{C}_{1}^{-}(u, u.D_{x}2u, D_{\mathrm{t}}^{3}u)(|D^{4}.v,|\tau D_{x}\gamma\cdot-24/_{\text{ }}\iota)|i’.,?jdX$ ,
$.J_{2}=-.[c_{2}^{-}(u, u_{t^{\backslash }}.,, D.2,D4u(1j|D_{\mathrm{t}}4r-2D^{4}d!|^{\backslash }u)..\cdot v\text{ }|\backslash xu)_{?j}X$ .
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By the integra,tion by $\mathrm{I}$) $\mathrm{a},\mathrm{r}\mathrm{t}\mathrm{s}$ , we get
$.J_{1}$ $=$ $./(c_{1u}(u, uD.2.u, D_{?i}3)?j’\tau u_{x}u+e_{1z}(u, u_{1^{\backslash }}.\cdot,, D.2D^{3}|ju,.)ju)D^{2},u\backslash |$,
$+c-,1\tau’(u, uD^{2}.u, D.3)?j’ x’|jD^{3}uux\backslash$
$+e_{1\tau}(\{’!?j’.\cdot,.\backslash u\mathrm{t}l, ?/D_{\mathrm{L}}2v, D_{2}^{3})D^{4}.\cdot v_{\text{ }}|j)|D^{4}.v,\}j|\gamma\sim-2D.4f_{\text{ }}ucX|j$
$\leq$ $C_{2}^{\mathrm{Y}}:’.\mathit{1}^{\cdot}(|_{U_{1_{\text{ }^{}\backslash }}},,.|+|D.2.||+u|D_{li}^{3}.\cdot.\cdot u|+|D^{4}v_{\text{ }}|?j)|D_{?j}4u|l\cdot-1d,.’\iota\cdot$.
$\leq$ $C_{23}.(||u_{x}||L’.(\mathrm{R})+||D_{x}^{2}.,\mathrm{t}/,||_{L’}\cdot(\mathrm{R})+||D^{3}.\cdot u|?^{\backslash },|_{L()}r\mathrm{R})||D_{lj}^{4}.\cdot u||^{\uparrow}L?.(-1\mathrm{R})$
$+C_{23}||D_{?}^{4}ju||_{L’}7.(\mathrm{R})$
’ (32)
$J_{2}$. $=$ $-J^{\cdot}e_{2}(v \text{ }’ v,D_{\mathrm{L}},’ 2u)x’.,\cdot’\frac{\uparrow-1}{\uparrow},(|D_{?\backslash j}4u|^{?})_{:}lidx$ .
$=$ $-, \frac{\uparrow-1}{\uparrow}.\int \mathrm{t}..‘..)e_{2}(u, u_{r}, D_{:\mathrm{L}}^{2}v,)(|D4u|’|i\cdot ljdx$ .
$=$ $J^{\cdot}(e_{2u}(uu.,, D_{\mathrm{J}i}^{2}u))|_{\text{ }}ux+e_{2z}(u, u_{x},, D_{g}2u)j.uD_{x}^{2}$
$+e_{21},(u, u_{x}, D_{?j}^{2}v\text{ })D^{3}u?j)|D_{?j}^{4}u|’dx$
$\leq$ $C^{\gamma}24.[(|\mathrm{t}l_{x}|+|D_{x}^{2},v,|+|D_{x^{\backslash }}^{3}v’|)|D_{\iota^{\backslash }}^{4}.u|^{\uparrow}-1\mathrm{c}f,x$.
$\leq$ $C_{24}(||u_{?i}||L\infty(\mathrm{R})+||D_{x\backslash }2u||_{L^{\infty}(\mathrm{R}})+||D_{?}.\cdot 3,v\backslash ’||L\infty(\mathrm{R}))||D_{\iota\backslash }.4,|u|’ L2^{\cdot}(\mathrm{R})$ .
(33)
$‘(^{\mathrm{t}}-)\mathrm{i}\mathrm{n}\mathrm{C}\mathrm{e}||v||_{L’}$ . $\leq$ $||v||_{L\sim}\underline{2},$$,||v||_{L^{\infty}}\underline{l-}\gamma|\sim,$ (31) -(33) together with (2), (5), (10)
and (13) give
$\frac{cf,}{d_{\text{ }}t}||D_{?\backslash j}4U_{\text{ }}(f\text{ })||_{L^{r}(}\mathrm{R})$ $\leq$ $c_{25}^{\gamma}(1+||D.4.v,|\mathrm{t}|L’.(\mathrm{R}))$ .
$\mathrm{I}\mathrm{f}\in_{J}s1.!.\mathrm{c}\mathrm{e}$ , by Gronwa,$11’ \mathrm{s}\mathrm{i}\mathrm{n}\mathrm{e}\mathrm{q}\mathrm{u}\mathrm{a}\mathrm{l}\mathrm{i}\mathrm{t}\mathrm{y}$ , we get
$0\leq t.\leq\tau 12\leq\cdot\leq\infty \mathrm{s}\mathrm{u}1^{3}||D_{\mathrm{t}}^{4}.\cdot u(t)||_{L^{r}}(\mathrm{R})$
$\leq(C_{25}^{\gamma}‘\tau+‘\sup_{\infty 2\leq\prime\cdot\leq}||D_{x\backslash }^{4}u0||L^{r}(\mathrm{R}))e^{C_{25}}T$. (34)
I-Iere we note $\mathrm{t}\mathrm{h}\mathrm{a},\mathrm{t}$ the consta,nts depend only on the initia,1 $\mathrm{d}\mathrm{a}$,ta, but not
on $\epsilon$ . Thus $\mathrm{a}1$) $\mathrm{r}\mathrm{i}(1^{\cdot}\mathrm{i}\mathrm{e}\mathrm{s}\mathrm{t}\mathrm{i}_{111}\mathrm{a}\mathrm{t}\mathrm{e}\mathrm{S}$ for solutions of $\mathrm{a},\mathrm{p}\mathrm{p}\mathrm{r}\mathrm{o}\mathrm{x}\mathrm{i}_{11}1\mathrm{a},\mathrm{t}\mathrm{e}$ equa,tions
independent of $\epsilon$ a,re esta,blished. To colllplete $\mathrm{t}1_{1}\mathrm{e}$ proof of The$(\mathrm{r}\mathrm{e}\mathrm{l}\mathrm{I}\mathrm{l}$,
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we have tllly to a,pply $\mathrm{s}\mathrm{t}\mathrm{a}$,ndard $\mathrm{a}_{}1^{\backslash }\mathrm{g}\mathrm{u}111\mathrm{e}\mathrm{n}\mathrm{t}_{\mathrm{S}}$ for convergence.
We $\mathrm{c}\mathrm{a},\mathrm{n}$ derive the local $\mathrm{e}\mathrm{s}\mathrm{t}\mathrm{i}\mathrm{l}\mathrm{l}\mathrm{l}\mathrm{a},\mathrm{t}\mathrm{e}$ for $||D_{\mathrm{p}j}^{3}u(x, t)||L^{\infty}(\mathrm{R}\cross[0,T_{1}])$ without
asslllling..(A.2) a,s $\mathrm{f}o$llows.
(viii) $\mathrm{L}\mathrm{o}\mathrm{C}_{\mathrm{C}}^{t}\iota 1\mathrm{e}\mathrm{s}\mathrm{t}\mathrm{i}\mathrm{l}\mathrm{l}\mathrm{l}\mathrm{a},\mathrm{t}\mathrm{e}$ for $||D_{?j}^{3}u(\prime x, f/)||L\infty(\mathrm{R}\mathrm{X}[0,\tau_{2}])$ :
$\ln$ order to derive the a, $1$) $\mathrm{r}\mathrm{i}\mathrm{o}\mathrm{r}\mathrm{i}$ bound for $||D_{x}^{3}u(X, t_{\text{ }})||L^{\infty}$ , we differentiate
$(\mathrm{D}^{\mathrm{t}})^{\epsilon}$ twice with respect to x-va,$\mathrm{r}\mathrm{i}\mathrm{a}$,ble to obta,in $D_{x}^{2}(\mathrm{E})^{\epsilon}$ , and lnultiply
$D_{?j}^{\mathit{2}}(\mathrm{E})^{\epsilon}\mathrm{b}\mathrm{y}-\triangle,.D_{?i}^{3}u=-(|D_{\iota}^{3}.\cdot,u|\mathit{7}^{\cdot}-2D_{Jj}^{3}u)_{x}$ . Then we get
$\frac{1}{\uparrow}.\frac{}d}{d,f_{\text{ }}||D_{?}^{3}u(jf_{\text{ }})||^{?}L^{\cdot}’.(\mathrm{R})$ $=$ $-. \int D_{1}\backslash .\cdot,.(\varphi(u, u_{?j})u_{?})j(|D_{x}^{\cdot}3u|r-2D3.)xxxud)$
$D_{\tau\backslash j}^{3}.\cdot(\varphi(u, v_{\eta\backslash i},)u_{?},)$ $=$ $(\varphi+\varphi_{zx}u)D_{\iota}.4u+\backslash (5\varphi z+3\varphi zzu?j)D^{2}v,D_{j}^{3},.\cdot usj$’
$+b_{1}(u, u_{x’ r,}D.2u)+b_{2}(u, u_{?j})D_{\tau\backslash }’ ui$ .
$|_{-)}\mathrm{C}^{\mathrm{t}}$( we ha,ve
$, \frac{1}{\uparrow},,$ $\frac{cf}{dt}||\text{ }D_{li}^{3}.\backslash (?/\prime t)||_{L’}^{t}..(\mathrm{R})+.J_{0}=J1+J_{2}$ (35)
$J_{0}=./\cdot(\uparrow’-1)(\varphi(u, u_{x})+\varphi_{z}(u, u_{1:}.)ux)|D_{!}^{3},u|\gamma\cdot-2(D^{4}\backslash u)^{2}?J\geq 0$ ,
$J_{1}=-. \int b_{1}(v"’ u.\cdot|j)(|D_{?^{\backslash }/}^{3}v_{\text{ }}|^{\uparrow}-2Dsu)xxd,x$ ,
$J_{2}---. \int b2(u, u_{x})D^{\iota};_{u}(x|D^{3}\backslash |r-2D_{\eta j}^{3}u)T_{\text{ }}\cdot?iud_{X}u$,
$.J_{3}$. $=-./’(5\varphi_{z}+3\varphi_{z\approx}v_{J}x)u_{x.\iota}D2uD3u(|D_{x}3u|7^{\cdot}-2Dx".,\iota’ u)3xdx$,
$\mathrm{I}3\mathrm{y}$ virtue of (2), (5) a,nd (10), it is $\mathrm{e}\mathrm{a}$,sy to see that
$\prime J_{1}$ $=$ $. \int(b_{\mathrm{l}_{\mathrm{t}l}}(u, u_{:}lj)v\text{ }.’|_{J}\backslash +b_{1}z(u, u_{x})D_{\tau\backslash i}2u)|D_{x}3.u|r-2D_{x}^{3}$
.
$udx$
$\leq$ $c_{\text{ }}\tau_{27}. \int(|v.|j|+|D^{2}.v_{\text{ }}||j)|D_{x}^{3}\backslash u|r-1dx$
$\leq$ $c_{27}^{\mathrm{Y}}(|u.\cdot 1j|_{L’()}.\mathrm{R}+|D_{?\backslash j}2v_{\text{ }}|Lf\cdot(\mathrm{R}))|D_{?}\backslash \cdot,.v_{J}|’l\cdot L’.(\mathrm{R})-1$ , (36)
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$J_{2}$ $=$ $-\mathit{1}^{b_{2}()}v_{/},$$u_{?} \cdot’\frac{\uparrow-1}{\uparrow}j(\backslash |D3v\text{ }|^{r}?’).|j(f_{X}\mathit{1}$





$J_{3}$. $=$ $-/(5 \varphi_{z}+3\varphi_{zz}u:)J.|j\frac{\uparrow\backslash -1}{\uparrow}D^{2}u\cdot,(|D_{x}3u|?)xdx$
$=$ $\frac{5(\uparrow-1)}{\uparrow\tau},\int(\varphi_{uz}(u, u_{x})v_{x},+\varphi_{zz}(u, u_{gj})D_{\mathrm{t}}^{2}.,,v,)D^{2}v_{\text{ }}|?jD_{\mathrm{t}}^{3}.,u|rdx$
$+^{\underline{3(\uparrow}}’\uparrow’-1)_{\int}.((\varphi_{uzz}(u, u_{x})ux+\varphi_{zzz}(u, u_{x})D_{\iota\backslash }^{2}.u)u_{x}D_{x}^{2}.u$
$+\varphi_{zz}(u, u_{?j})(D_{x}^{2},u)^{2})|D_{l}^{3}.\cdot u|^{\gamma}dx$
$+\underline{(\uparrow’-1)}\uparrow\backslash /(5\varphi_{z}+3\varphi_{zz}(u, u_{x})u_{?})jD^{3}gju|D^{3},u|x’ dx$
$\leq$ $C_{29}. \int|D_{gj}^{3}u|^{7}dx+C_{\mathfrak{X}}$. $./|D_{x}^{3}.u|’+1dx$
$\leq$ $C_{29}^{\gamma}|D^{3}.|ju|_{L’(}\prime\prime’.\mathrm{R})+C_{30}.|D_{7}^{;}.\backslash v,|iL\infty(\mathrm{R})|D^{3}?’ v\text{ }|\mathit{7}L’.(\mathrm{R})$ (38)
Thus, in view of (35),(36) $(37)$ a,nd (38), we derive
$||D_{x}^{3}.u(t)||_{L()}^{\uparrow}.-..1 \mathrm{R}\frac{}d}{(],f\text{ }||D^{;}.\backslash \cdot,,(\iota vt)||_{L^{r}(\mathrm{R}})$
$\leq$ $C_{27}(|ux|L’.(\mathrm{R})+|D^{2}.v_{\text{ }}|_{L^{r}}x(\mathrm{R}))||D^{\mathit{3}}.\cdot.\}j(i\text{ })|v_{\text{ }}|_{L^{r}(}^{\gamma-}1\mathrm{R})$
$+(C_{28}+C_{29}+c.30|D^{3}.v,|_{L(}?j\infty \mathrm{R}\mathrm{X}[0,\tau_{1}]))||D_{\iota}.\cdot 3,v\text{ }(f)||^{7}L^{\cdot}’.(\mathrm{R})$
’
By dividing both-ha,nds side by $||D_{l}^{3}\backslash .u(f_{J})||lL^{r}(\mathrm{R})-1$ , we get
$\frac{}f}{dt_{\text{ }},||D_{x}^{s}u((,.t_{\text{ }})||L^{\Gamma}(\mathrm{R})$
$\leq$ $C_{2\overline{/}}^{\gamma}(|v_{x},|L’.(\mathrm{R})+|D^{2}v,|xL’.(\mathrm{H}.))$
$+(C_{2\mathrm{s}}^{\gamma}+c_{\mathit{2}}^{\gamma},9+c^{\mathrm{Y}}30|D.3u,|_{L(}tj\infty \mathrm{R}\mathrm{X}[0,\tau 1]))||D_{x}^{i}3v_{\text{ }}(f/)||_{L^{r}(\mathrm{R}})$
I-lence $1\mathrm{e}\mathrm{t}\mathrm{t}\mathrm{i}_{1}\mathrm{u}\mathrm{g}\uparrow’arrow\infty$ , we $\mathrm{c}\mathrm{a},\mathrm{n}$ obta,in
$||D_{?j}^{3}.\cdot v,(f_{\text{ }})||_{L}\infty(\mathrm{R})$
$\leq$ $||D_{x}^{s_{v_{\text{ }0}}}. \cdot||_{L}\infty(\mathrm{R})+C_{3}1.\int_{0}tL||D_{?j}3(uS)||\infty(\mathrm{R})+||D_{\eta\backslash }^{\iota}3ui(_{S)}||2L\infty(\mathrm{R})ds$
for a,ll $t\in[0.T_{1}]$ .
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Here we note $\mathrm{t}\mathrm{h}\mathrm{a},\mathrm{t}$ the c.onstants in this $\mathrm{s}.\mathrm{t}\mathrm{e}_{\mathrm{I}^{\mathrm{J}}}$ depend only on the initia,1
da,ta, but not on $\epsilon$ .
Then it is $\mathrm{e}\mathrm{a}$,sy to show that there exists a positive nulnber $T_{2}=$
$?_{2}^{\urcorner}‘(V_{\text{ }0}||_{L}\infty(\mathrm{R})\backslash ’||v_{J0x}||_{L^{\infty}}(\mathrm{R}), ||D_{x}^{2}v_{\text{ }0}||_{L(\mathrm{R})}\infty,’||D_{x}^{3}u0||_{L^{\infty}(}\mathrm{R}))\leq T_{1}$ such $\mathrm{t}\mathrm{h}\mathrm{a},\mathrm{t}$
$||D_{\tau_{\text{ }}^{}3}.v_{\text{ }}(t)||L\infty_{\mathrm{t}\mathrm{R})}\leq 2||D_{1\backslash }^{3}.v_{\text{ }0}||_{L^{\infty}}(\mathrm{R})$ for all $t\in[0, T_{2}]$ .
Concluding renlarks
(1) $()_{\mathrm{t}1}\cdot \mathrm{a},\mathrm{r}\mathrm{g}_{\mathrm{U}1}\mathrm{l}\mathrm{l}\mathrm{e}\mathrm{n}\mathrm{t}_{\mathrm{S}}$ here $\mathrm{c}\mathrm{a},\mathrm{n}$ work also for initial bounda,ry va,lue problellls
for $\mathrm{t}1_{1}\mathrm{e}\mathrm{s}\mathrm{a},11\mathrm{l}\mathrm{e}$ genera,lized $1$) $\langle)\mathrm{r}\mathrm{o}\mathrm{u}\mathrm{S}$ lllediulll equa,tions. In $\mathrm{f}\mathrm{a},\mathrm{c}\mathrm{t}$ , for Neullla,n-
$\mathrm{n}1)\mathrm{r}\mathrm{o}|)\mathrm{l}\mathrm{e}\mathrm{l}\mathrm{l}\mathrm{l}\mathrm{s}$ with the $\mathrm{h}_{0111\mathrm{O}}\mathrm{g}\mathrm{e}\mathrm{n}\mathrm{e}\mathrm{o}\mathrm{u}\mathrm{s}$ Neullla,nn condition $u_{?i}(x,f_{\text{ }})=0$ on the
bounda,ry $\partial I$ , the $\mathrm{s}\mathrm{a},11\mathrm{l}\mathrm{e}$ assertion of Theorelll holds. good, provided $\mathrm{t}\mathrm{l}\mathrm{u}\mathrm{a},\mathrm{t}$ the
initial da,ta, sa,tisfies the colllpa,tibility $\mathrm{c}\mathrm{o}$ndition:
$D_{\mathrm{t}}^{2\wedge\cdot-1}.\cdot v\mathrm{o}(x, t_{J})|_{(9I}=0$ , for $k=0,1,2,$ $\cdots$ .
and $\varphi(u, \tau/\text{ }.|,,)$ sa,tisfies the additiona,1 a,ssulllpti $()\mathrm{n}$
$D_{u}iD_{\gamma}’2\uparrow\sim+1\varphi(\cdot, 0)=0$ , for a,ll $i,j=0,1,2\cdots$ .
As for the $\mathrm{D}\mathrm{i}\mathrm{l}\cdot \mathrm{i}\mathrm{C}\mathrm{h}\mathrm{l}\mathrm{e}\mathrm{t}\mathrm{p}\mathrm{r}\mathrm{o}\mathrm{b}\mathrm{l}\mathrm{e}\mathrm{l}\mathrm{l}\mathrm{l}\mathrm{S}$ witll the $\mathrm{h}\mathrm{t}$) $11\mathrm{l}\mathrm{o}\mathrm{g}\mathrm{e}\mathrm{n}\mathrm{e}\mathrm{o}\mathrm{u}\mathrm{s}$ Dirichlet boundary con-
dil,ion, il] order to derive the $\mathrm{s}\mathrm{a}\uparrow 11\mathrm{l}\mathrm{e}$ a,ssertion of Theorelll, we need to $\mathrm{a}\mathrm{s}\mathrm{s}\mathrm{U}\mathrm{l}\mathrm{l}\mathrm{l}\mathrm{e}$
the $\mathfrak{c}\mathrm{t}’(\mathrm{l}\mathrm{d}\mathrm{i}\mathrm{t}\mathrm{I}\mathrm{i}\mathrm{o}\mathrm{n}\mathrm{a},1\mathrm{a},\mathrm{s}\mathrm{S}\mathrm{l}\mathrm{l}\mathrm{l}\mathrm{l}\mathrm{l})\mathrm{t}\mathrm{i}\mathrm{t})\mathrm{n}$ on $\varphi(u, u_{x})$ such tha,t
$D_{?(}^{l}2i+1D_{/\vee}^{\uparrow}\sim\varphi(0, \cdot)=0$ , for a,ll $i,j=0,1,2,$ $\cdots.$ ,
$\mathrm{t}$ ( $\rangle \mathrm{g}(^{\lrcorner}\mathrm{t}$}
$1\mathrm{l}$ er with the $\mathrm{c}\mathrm{o}\mathrm{l}\mathrm{l}\mathrm{l}$]$\mathrm{J}\mathrm{a},\mathrm{t}\mathrm{i}\mathrm{b}\mathrm{i}\mathrm{l}\mathrm{i}\mathrm{t}\mathrm{y}$ condition on $u_{0}$ :
$J\mathit{3}^{\mathit{2}\mathrm{x}}.\backslash v\text{ }()(|_{\text{ }}x, f_{y})|.\mathrm{a}J=0$ , $\mathrm{f}\mathrm{e})1^{\cdot}$ a,ll $k=\mathrm{t}$), $1,2,$ $\cdots$ .
(2) With slight $11\mathrm{l}\mathrm{t}$) $\mathrm{d}\mathrm{i}\mathrm{f}\mathrm{i}\mathrm{c}\mathrm{a},\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{l}\mathrm{l}\mathrm{S}$ , our $\mathrm{a},\mathrm{r}\mathrm{g}\iota\iota 11\mathrm{l}\mathrm{e}\mathrm{n}\mathrm{t}$ works $\mathrm{a}\mathrm{J}\mathrm{s}\langle)$ for the $111\mathrm{u}\mathrm{l}\mathrm{t}\mathrm{i}- \mathrm{d}\mathrm{i}_{1}11\mathrm{e}\mathrm{n}\mathrm{s}\mathrm{i}\mathrm{o}\mathrm{l}1$
case. I-Iowever we need llluch more heavy $\mathrm{c}\mathrm{a}$,lculateions $\mathrm{t}\mathrm{h}\mathrm{a},\mathrm{n}$ those exploited
$]\mathrm{l}\mathrm{e}\mathrm{r}\mathrm{c}\backslash$ .





$\partial t_{\text{ }}(_{l}.’,\cdot, f,)$
$=$ $(\varphi(u, u_{\iota}.\cdot)v,x)_{x}+.f.(\mathrm{t}/_{\text{ }}, v_{?^{\backslash }J},)$ , $(_{X,/_{\text{ }}})\in 1\mathrm{R},$ $\cross[0, T]$ ,
$v_{J}(.’\iota,\cdot, 0)$ $=$ $’\iota/_{0},(.\iota\cdot)$ , $x\in 1\mathrm{R}$ ,
under the following condition: There exist functions $d_{1}(u, Z))cl_{2}(u, z)\in$
$L_{1\mathrm{r})(^{\backslash }}^{\infty}1.(]\mathrm{R}, \cross 1\mathrm{R},)$ such tha,t
$\leq d_{1}(\mathrm{t}l_{J}z)),$ $\leq d_{r2}(u, z)$ .
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